Effects related with deviations from thermodynamic equilibrium take a special place in the modern physics. Among those, non-equilibrium phenomena in quantum systems attract the highest interest. To date, the experimental technique of spin noise spectroscopy has became quite widespread, which makes possible to observe spin fluctuations of charge carriers in semiconductors both in equilibrium and non-equilibrium conditions. It calls for development of the theory of spin fluctuations of electrons and electron-hole complexes for non-equilibrium conditions. In this paper we consider a range of physical situations where a deviation from an equilibrium becomes pronounced in the spin noise. A general method of calculation of electron and exciton spin fluctuations in non-equilibrium state is proposed. A short review of theoretical and experimental results in this area is given.
I. INTRODUCTION
Kinetics of non-equilibrium quantum systems is one of the most attractive areas of modern condensed matter physics. A deviation of an electronic system from the thermal equilibrium state caused by external static or alternating electromagnetic fields, injection of nonequilibrium charge carriers or optical pumping strikingly manifests itself in transport and optical phenomena in semiconductors and semiconductor nanostructures [1] [2] [3] [4] . The diagram technique suggested by L.V. Keldysh [5] is an indispensable tool to study theoretically this sort of phenomena.
Among a wide range of non-equilibrium effects one could mark out a special class, the phenomena related with fluctuations of observables under non-equilibrium conditions. By contrast to equilibrium fluctuations whose spectral power density is related with a linear susceptibility of the system by fluctuation-dissipation theorem [6] , fluctuations at a non-equilibrium state can not be generally expressed via any response function [7] [8] [9] [10] . It leads to a great variety of fluctuation phenomena and, accordingly, necessitates to study individually each novel physical realization of a non-equilibrium noise. With a rise of diagram techniques suitable to study problems of physical kinetics [5, 11] , the graphical methods, including Keldysh technique, have been actively used to study current fluctuations and generation-recombination noise of charge carriers [12] [13] [14] [15] [16] [17] [18] .
The spin noise spectroscopy is being formed in the last decade as a novel line of investigations. The experimental method of spin noise observation has been first suggested and realized in the physics of atoms, it has been considered as an illustration of the fluctuation-dissipation theorem [19] . The linearly polarized "probe" light (whose frequency corresponds, as a rule, to the transparency or weak absorption region of a system) is transmitted through a sample. are linearly related with the magnetization fluctuations in the system. Therefore, rotation angles autocorrelation function is directly proportional to the autocorrelation function of spins in the system: δϑ(t )δϑ(t) ∝ δS z (t )δS z (t) ,
where z is the light propagation axis, S z is the spinz component. Spin fluctuations have per se quantummechanical nature, which stipulates considerable interest to their research. Moreover, development of spin fluctuations detection methods and applications of the spin noise spectroscopy to various systems [20] [21] [22] [23] (for up-todate review see Refs. [24, 25] ), possibilities to affect spin systems by external electromagnetic fields [26] , a need to increase the method sensitivity by increasing the probe beam intensity [23, 27] , make it topical to study spin fluctuations in semiconductors in non-equilibrium conditions.
The general formalism to calculate spin fluctuations in non-equilibrium systems is proposed in this paper. A brief overview of theoretical and experimental results on the non-equilibrium spin noise spectroscopy is given. Spin fluctuations in non-equilibrium electron systems are studied in Sec. II. Section III addresses the spin noise of neutral and charged excitons, two-and three-particle Coulomb-bound electron-hole complexes. Spin dynamics and fluctuations can be conveniently described in the density matrix formalism. Single-particle spin density matrix of free electrons in a semiconductor crystal has a form [28, 29] :
Here k is a quasiwavevector of an electron, f k = Sp{ρ k /2} is the spin-averaged occupation of the k state (electron distribution function), s k = Sp{ρ k σ/2} is the average spin in the given state (spin distribution function). We introduced σ = (σ x , σ y , σ z ), the pseudovector composed of Pauli matrices, unit 2 × 2 matrix is omitted in Eq. (2). It is known [8, 9] that microscopic distribution functions of particles and spins fluctuate around their mean values. These fluctuations δf k , δs k are described by correlation functions
Here α, β = x, y, z are Cartesian subscripts. We consider spatially-homogeneous fluctuations in the stationary but, generally, non-equilibrium state, hence, the averaging in Eq. (3) is carried out over a time t at the fixed τ . One can take into account spatial inhomogeneity and nonstationarity following Refs. [15, 16, 18] . Since, generally speaking, occupation number and spin operators taken at different moments of time do not commute, the observables are expressed via symmetrized combinations, e.g., {δs k,α (t + τ )δs k,β (t)} , where {AB} = (AB + BA)/2. The curly brackets denoting symmetrization are omitted everywhere, unless it leads to a confusion. Under standard conditions
whereε is the mean kinetic energy of the electrons, τ is the characteristic relaxation time of the electron system, ω is the characteristic frequency of fluctuations, the single-particle density matrix (2) and correlation functions (3) satisfy kinetic equations. A most general way of its derivation is to use Keldysh diagram technique [5] . This method has been applied in the theory of non-equilibrium electron gas fluctuations in Ref. [15] to analyse distribution function fluctuations, δf k , in a non-equilibrium Fermi gas and has made it possible to account for the dynamic screening of the Coulomb interaction. The method has been developed in Ref. [18] for semiconductors in the presence of optical excitation. A generalization of Keldysh technique has been suggested in Ref. [16] , which allows, in particular, to go beyond condition (4). Below we briefly summarize the derivation of kinetic equations for spin correlation functions, Eq. (3), in Keldysh technique following Refs. [15, 18] . We introduce the correlation function
where a k,s (a † k,s ) are the annihilation (creation) operators of an electron in the state k with the spin s (s 1 , . . . s 4 = ±1/2), T c is the ordering operator at Keldysh contour, subscripts i, k, l, m take two values "−" (1) and "+" (2), they enumerate upper and lower branches of the contour, δ, δ → 0. It is convenient to exclude from g iklm s1s2s3s4 a product of mean density matrices ρ k ρ k corresponding to the single-particle Greens functions −G im s1s4 G kl s2s3 [30] . It is instructive to represent the equation for the correlator (5) graphically, Fig. 2(a) , where the arrows denote single-particle Greens functions, the filled-in block denotes the required function g iklm s1s2s3s4 , the empty block is the kernel
, accounting for the electronimpurity, electron-phonon and electron-electron interactions.
The standard procedure [15, 18] allows us to reduce the integral equation in Fig. 2(a) , to a kinetic equation for the "shortened" correlation function g 
Here H ss ≡ H ss (k) are the matrix elements of electron spin Hamiltonian H, which takes into account both spin interaction with external static (and low-frequency, ω ε) fields and the spin-orbit coupling, E is the external electric field, e < 0 is the electron charge, Q k,k {g; ρ} is the collision integral, which depends on the stationary single-particle density matrix of the system. Keldysh subscripts i . . . m together with arguments of the function g are omitted in Eq. (6), unless it results in a confusion. The evolution operator I k is also introduced in the second equality of formula (6), the subscript k means that the operator acts on the single-electron variables: k, s 1 , s 4 . Note, that the single-particle density matrix ρ k satisfies, in the steady state, the analogous equation:
with the collision integral Q k {ρ}. Physical meaning of Eq. (6) can be easily understood making use of Onsager hypothesis: A stochastic fluctuation of the electron density matrix δρ k evolves in the same way, as if this fluctuation has been prepared at the initial moment τ = 0 by external forces [8] . Hence, at fixed k , t and two spin subscripts s 2 , s 3 , the correlator g s1s2s3s4 (t + τ, k; t, k ) satisfies standard kinetic equation for the spin density matrix. The only difference is in the form of the collision integral Q k,k {g; ρ}, which could be derived from the integral Q k {ρ} in Eq. (7) by linearization in small fluctuations. Note, that the expression for Q k {ρ} accounting for electron-electron collisions is reported in Ref. [29] , the formula for the collision integral Q k,k {g; ρ} can be derived from the general expressions of Ref. [29] by decomposition in fluctuations.
Equation (6) should be supplemented by an initial condition: a value of the correlation function g s1s2s3s4 (t + τ, k; t, k ) at τ = 0. Similarly to the theory of fluctuations of spin-averaged distribution function [8, 9, 15, 18] , let us separate in the single-time correlator the part describing mean squares of fluctuations in a given quantum state
Function Φ s1s2s3s4 (k, k ) describes nontrivial simultaneous correlation of fluctuations in the system. Making use of the graphical equation in Fig. 2 
Formally, the source of correlations L s1s2s3s4 (k, k ) results from differentiation over t of the block composed of four Greens function and the kernel K, shown in Fig. 2 (b). Physically speaking, the function L describes simultaneous and correlated variation of the spin density matrices of the states k, k . For example, it is well known [8, 9, 12, 13, 31] , that even in the nondegenerate gas (f k 1) electron-electron collisions serve as a source of pair correlations of occupation numbers of the states k, k . This result can be generalized for the spin-polarized electron gas. In the simplest possible case where electrons are polarized along the single axis z, the correlations appear in the spin-diagonal elements of the density matrix, namely: (10) where W (ks 1 , k s 2 ; ps 1 , p s 2 ) is the probability of the Coulomb scattering of the electron pair from the states p, p with spins s 1 , s 2 to the states k, k with spins s 1 , s 2 . Derivation and analysis of general expressions for the pair correlations source L s1s2s3s4 (k, k ) is beyond the scope of the present paper.
Equations (6) and (9) make it possible to calculate amplitudes and dynamics of the electron gas spin fluctuations. For generality, we present the expression for the spin noise power spectra,
because such kind of quantities [32] can be directly measured in experiments [19, 20, 25, 33] . The method outlined here can be easily extended for the case of localized electrons, where the electron-electron interaction is not important, while the hyperfine coupling of electron and host lattice nuclear spins plays a role. This method can be also used to calculate valley polarization and coherence fluctuations in multivalley semiconductors and nanosystems [34, 35] . 
B. Electron spin polarization fluctuations under optical orientation conditions
The optical orientation method is a powerful tool to create non-equilibrium spin distributions in semiconductors: The spin-orbit coupling results in the transfer of the angular moment of absorbed photons to the electron spin system and generation of spin-polarized charge carriers [37] . The problem of electron spin fluctuations investigation in a bulk semiconductor under the absorption of the circularly polarized radiation has been formulated and solved in Ref. [38] . The detailed theory developed within the Greens function method included also the generation-recombination noise effects in the system of spin-polarized electrons. According to Ref. [38] for the circularly polarized light propagating along z-axis the spectral density of spin z component fluctuations, δS z = k δs k,z , for the ensemble of N electrons takes a simple form
Here T s is the spin lifetime which accounts for both the spin relaxation processes and the recombination of polarized electrons with unpolarized holes, P s is the steady-state degree of electron spin polarization, r ω is a factor taking into account generation-recombination processes. Equation (12) demonstrates the suppression of electron spin fluctuations due to the spin-ordering. Analogous effect takes place in the static magnetic field B ext z as well, where thermal orientation of electron spins is realized. In such a situation, the factor describing spin fluctuations suppression takes a simple form 1 − P 2 s . This result can be derived from general arguments taking into account that, according to Eq. (11), dω(δS [38] .
In addition to the electron spin orientation, the absorption of the circularly polarized light results in the ordering of crystal lattice nuclei spins [37, 39] . In typical experimental situations the nuclear spin system can be described by an effective temperature Θ N . The sign of the nuclear spin temperature Θ N can be arbitrary, it is determined by the conditions of spin pumping. However, as a rule, the absolute value of nuclear spin temperature is substantially smaller than the lattice temperature [37] .
An external magnetic field induces nuclear spin polarization, which manifests itself as an effective magnetic field -Overhauser field -acting on electron spins. It has been shown in Ref. [40] that such a non-equilibrium spin polarization and, correspondingly, the Overhauser field, strongly modifies the spin noise spectrum of charge carriers. Particularly, if the external field B ext is applied perpendicularly to the probe light propagation direction z, the observed spin noise spectrum reads [40] [41] [42] (δS
where Ω = gµ B B * x / is the spin precession frequency in the total field B * x = B ext + B N , B N ∝ αB ext /Θ N is the Overhauser field, g is the electron g-factor, α is the hyperfine coupling constant, the fluctuations suppression factor is omitted in Eq. (13), nuclear spin fluctuations are neglected. It is seen from Eq. (13) that the peak in the spin noise spectrum at ω > 0 corresponds to the precession frequency Ω, its position is controlled both by the external field and nuclear spin temperature.
Nuclear spin relaxation is, as a rule, much slower as compared with the electron spin relaxation, hence, by measuring electron spin fluctuation spectra at different moments of time one can observe the dynamics of the Overhauser field B N , and, correspondingly, of the nuclear spin temperature Θ N . Such experiments have been carried out in Refs. [36, 43] on n-type bulk GaAs samples placed in microcavities. Figure 3 presents the results of the electron spin noise measurements on two samples with different doping level and, hence, different spin dynamics times of electrons and nuclei. Depending on the conditions of the nuclear spin system preparation, the nuclear spin temperature was either negative or positive, which corresponds to the Overhauser field being, respectively, parallel or antiparallel to the external one. Moreover, under the conditions of experiments in Ref. [36] the absolute value of B N exceeded the external field. Therefore, for positive nuclear spin temperature, the frequency Ω of the electron spin precession goes through 0 in the course of nuclear spin relaxation where the Overhauser field exactly compensates the external one, see Fig. 3(b,d) . In addition to the Overhauser field an effective "optical" magnetic field was uncovered in Ref. [43] , which acts on the electron spins in the presence of elliptically polarized electromagnetic wave, whose frequency lies in the nominal transparency region of the crystal. This field is most probably caused by the circular dynamic Stark effect (or dynamic Zeeman effect) [44] . Results of Refs. [36, 43] demonstrate the possibility to study experimentally the dynamics of non-equilibrium nuclear spin subsystem by means of the spin noise spectroscopy technique. We note also, that the nuclear spin fluctuations under the close-to-equilibrium conditions are also observed in the spin noise spectroscopy method [45] .
C. Spin noise in presence of a static electric field A static electric field induces a drift of conduction electrons brining the electron system out of equilibrium. Depending on the field strength, rates of momentum and energy relaxation, different regimes of electron transport can be realized [46] . Spin-orbit interaction induces a coupling between the orbital motion of electrons and their spin dynamics, hence, the presence of an external electric field may cause a considerable effect on spin phenomena in semiconductor systems [47] . For example, the effective Hamiltonian of conduction band electrons in quantum wells contains linear in the spin and wavevector terms [48, 49] :
Specific form of the pseudotensor γ αβ and magnitudes of its components are determined by the material, crystallographic orientation of the quantum well, parameters of its potential and external fields [50] . The presence of spin-dependent terms, Eq. (14), in the effective Hamiltonian is equivalent to the presence of an effective magnetic field, which depends on the magnitude and direction of the wavevector and acts on the electron spin. Hence, the electric field E applied in the quantum well plane results both in the electron drift with the characteristic average wavevector k dr = eEτ p / , where τ p is the electron momentum relaxation time, and in the generation of the effective magnetic field
This magnetic field, along with the external one, determines the electron spin precession frequency and, correspondingly, the position of the peak in the electron spin noise spectrum, cf. Eq. (13) . Such a shift of the electron spin precession frequency has been observed in the optical orientation [51] and spin resonance [52] experiments. The theory of electron spin fluctuations in the presence of a weak pulling field has been developed in Ref. [53] , where the external electric field induced shift of the peak in the spin noise spectrum was predicted. The theory of Ref. [53] opens the way to measure the electron gas spin splittings via spin fluctuations. Note that the effective field Eq. (15) leads to the current-induced spin orientation [54] [55] [56] [57] [58] . It is fundamentally non-equilibrium effect [59] . Current induced spin orientation, just like the optical orientation of electron spins, should manifest itself as a suppression of the spin fluctuations amplitude. Although a detailed theory of spin noise is absent for this case, the estimates show that the suppression effect is small and amounts to fractions of percent.
Spin noise of electron gas drastically changes in presence of moderately strong electric fields where the streaming regime of the electron transport is realized, Figure 4 . Spin noise spectra in the streaming regime, Ω dr is a mean frequency of electrons spin precession, ttr is the electron flight time until the optical phonon emission. From Ref. [60] .
and the electron distribution becomes needle-shaped [46, 61] . In this regime, the electron accelerates ballistically until its energy reaches that of the optical phonon, the phonon emission takes place almost instantaneously and the electron returns to the zero-energy state, then its acceleration repeats. Periodic motion of electrons in the streaming regime gives rise to novel effects in spin dynamics [62, 63] . Spin fluctuations theory for this regime has been developed in Ref. [60] . The results of the spin noise spectra calculations for the streaming conditions are shown in Fig. 4 . It is demonstrated in Ref. [60] that the spin fluctuations spectrum consists of series of peaks with the frequencies
where Ω dr is the average spin precession frequency in the needle-like distribution [cf. Eq. (15)], t tr is the time of electron acceleration until its energy being initially zero reaches the optical phonon energy. The intensities of the peaks depend on the electric field value, the spin-orbit coupling constants as well as on the electric field orientation with respect to the crystalline axes of the structure. The peak widths are related with the scattering time and spin relaxation times in the system. Reference [60] demonstrates the potential of the spin noise spectroscopy for studies of complex electron and spin dynamics in nonequilibrium conditions.
D. Spin noise in presence of an alternating magnetic field
Non-stationary and non-equilibrium conditions in a spin system are brightly manifested in the presence of an alternating magnetic field. Such a situation is well studied from the point of view of classical electron spin resonance, see review [64] . Spin fluctuations in the presence of alternating magnetic fields have been studied both theoretically, Refs. [42, 65] , and experimentally, Ref. [26] . References [42, 65] predict the presence of harmonics in the spin noise spectrum with the frequencies being multiples of the alternating field frequency. For example, for linearly polarized alternating field B ext (t) = B 0 cos (ω 0 t + ϕ), B 0 x, following expression for the spin noise spectrum was derived in Ref. [42] (see also [66] )
where J n (x) is the Bessel function of the order n. The presence of harmonics, nω 0 , can be interpreted in terms of multiphoton processes by analogy with the classical result for ionization of an atom by a high-frequency field [67] : The quasi-stationary states of the system in the presence of an alternating magnetic field correspond to quasi-energies ±nω 0 , where n is the number of the field quanta. Similar result was derived in Ref. [65] for spin fluctuations of localized charge carriers interacting both with the alternating field and with random nuclear fields.
Note, that due to k-linear terms in the effective Hamiltonian (14) , the electron spin noise spectrum similar to Eq. (17) should be observed in the presence of an alternating electric field like the electric field induces, similarly to the magnetic field, the electron spin resonance [68] .
Experimental studies of spin fluctuations in the presence of an alternating magnetic field were carried out in Ref. [26] on an ensemble of 41 K atoms. These experiments revealed, in addition to multiphoton processes, a number of interesting nonlinear effects, including Mollow triplet formation and dynamic Zeeman effect, and paved a way to study nonlinear optical effects by spin noise spectroscopy.
III. SPIN FLUCTUATIONS IN EXCITON SYSTEMS
Optical excitation of semiconductors and semiconductor nanostructures with a quantum energy close to the band gap results in generation of excitons, electron-hole pairs bound by the Coulomb force. In doped quantum well and quantum dot structures three-particle complexes, trions or charged excitons, being a pair of samesign charge carriers and an unpaired carrier with an opposite charge can be generated. Such complexes are fundamentally non-equilibrium, therefore, their spin fluctuations studies are rather involved and attract a considerable interest.
Below we present the results of theoretical and experimental studies of spin fluctuations in excitonic systems. We start with the structures with resident electrons where the light absorption and generation of charged excitons results in quantitative and qualitative changes of the resident electrons spin fluctuations. Afterwards we address the spin noise of excitons and exciton-polaritons in quantum microcavities.
A. Effects of trion generation
We start with the description of a simplest model illustrating the effect of the probe beam absorption and trion photogeneration on electron spin fluctuations. Consider a semiconductor quantum dot with a resident electron, whose ground state is two-fold spin degenerate, s = ±1/2. The excited state of the dot corresponding to a singlet trion with unpaired hole is also doubly-degenerate in the hole spin j = ±3/2, see Fig. 5(a,b) . Such a fourlevel model gained a considerable popularity for description of the charge carriers spin dynamics in single quantum dots and quantum dot ensembles [69] [70] [71] . The coherent linearly polarized electromagnetic radiation with the frequency ω close to the trion photogeneration frequency ω 0 is incident on the dot, the field is assumed to be strong enough to excite the trion. Such a situation can be also realized in quantum microcavity structures operating in a weak coupling regime, see Fig. 5(a) and Refs. [70, 72] . It follows from the general equations for the single particle density matrix ρ mm , m = ±1/2, ±3/2, that the average occupancies of the electron, f = (ρ 1/2,1/2 +ρ −1/2,−1/2 )/2, and trion, n = (ρ 3/2,3/2 +ρ −3/2,−3/2 )/2, states obey a system of linear equations whose solutions have the form:
The trion generation rate in Eq. (18)
is the matrix element of a dipole transition between the electron and the trion states, E is the amplitude of the incident field, γ is the damping rate of the off-diagonal elements of the density matrix, ρ ±1/2,±3/2 , τ 0 is the trion lifetime. One can also check that under the steady-state conditions the average zcomponents of electron, S z,e = (ρ 1/2,1/2 − ρ −1/2,−1/2 )/2, and trion, S z,t = (ρ 3/2,3/2 −ρ −3/2,−3/2 )/2, spins are zero. The density matrix method allows us to derive equations for the slow dynamics of spin correlators [73] M + RM = 0.
Here we introduced the correlators matrix M with the elements M ij (τ ) = δS z,i (t + τ )δS z,j (t) , where the subscripts i, j = e, t enumerate the electron and trion states, and the matrix
describing the relaxation and generation processes, dot on top denotes the derivative over τ . Two more parameters of the theory are introduced in Eq. (20) : the phenomenological spin relaxation times of the electron τ e and of the hole-in-trion τ h , Fig. 5(b) . Equation (19) is analogous to the general kinetic equation (6) for the correlation function. According to the general theory, Eq. (19) should be supplemented by initial conditions, the values of correlators matrix M(τ = 0). Direct calculation shows that δS 2 z,e = f /2, δS 2 z,h = n/2, while single-time cross-correlators are zero. We introduce an auxiliary 2 × 2 matrix, χ(ω) according to
hence, the spin noise spectrum can be recast in agreement with Eq. (11) and Refs. [9, 74] as
In particular, the electron spin noise can be written as
Similar expression can be derived for the trion spin fluctuations spectrum, (δS 2 z,t ) ω . Note that the optical transitions between the electron and trion states at G = 0 result in a cross-correlation of the electron and trion spins described by the correlation function {δS z,e (t + τ )δS z,t (t)} ; we remind that the curly brackets stand for the symmetrized product {AB} = (AB + BA)/2.
Typical electron spin noise spectra as well as spectra of cross-correlation electron and trion fluctuations are shown in Fig. 5(c) . It is seen that an increase in the probe beam power results in a reduction of the electron spin fluctuations amplitude due to population of the trion state and in a broadening of a peak due to the enhancement of the electron spin relaxation (for the parameters in question τ e > τ h ). At typical conditions where the trion lifetime τ 0 is considerably shorter as compared with those of electron and hole spin relaxation, the trion spin noise spectrum has a more complex shape and is characterized by the components of different widths
). An inset in Fig. 5(c) shows the cross-correlation of electron and trion noise spectra, ({δS z,e δS z,h }) ω . Interestingly, since for τ = 0 the cross-correlator {δS z,e (t + τ )δS z,t (t)} turns to zero, the frequency integral ({δS z,e δS z,h }) ω = 0, therefore, the cross-correlation fluctuations spectrum changes its sign at a certain frequency. The sign change point depends on the probe power and relaxation times in the system. Spin fluctuations of a single charge carrier in a quantum dot have been experimentally studied in Ref. [72] . The effects of the trion generation on the electron spin noise have been experimentally and theoretically studied in Ref. [23] for a quantum well microcavity structure. The microcavity operated in the strong-coupling regime, both exciton and trion polaritons have been observed in the reflection spectrum. The results of the resident electrons spin noise spectra measurements presented in Fig. 6(a) demonstrate a drastic effect of the probe beam absorption on the electron spin noise. In particular, an increase of the power at a fixed transverse magnetic field results in the broadening of the noise spectrum as well as in almost complete suppression of the precession peak. These experimental data are described by the model developed in Ref. [23] , which takes into account both nonresonant excitation of trions and electron spin precession in the external field and in the field of nuclear spin fluctuations. The suppression of the precession peak with an increase of the probe beam power is caused, mainly, with the induced electron spin relaxation anisotropy due to its "pumping" through the trion state, as well as with absence of the electron spin precession in the trion, since the transverse field practically does not result in a spin splitting of heavy hole states [75] . The results of calculations presented in Fig. 6(b) describe satisfactorily the experimental data. Differences in the zero-frequency peak amplitude can be related with the neglected contributions of the photoexcited excitons and trions to the observed Kerr rotation noise spectrum as well as with possible non-linear processes in this system [76] . 
B. Exciton spin fluctuations under nonresonant pumping
Light absorption in undoped semiconductors and semiconductor nanostructures results in the formation of neutral excitons. In absence of an external pumping there are no excitons, therefore, exciton spin noise arises due to the pumping only. The theory of exciton and exciton-polariton spin noise has been developed in Refs. [74, 77, 78] .
Heavy-hole exciton spin states in quantum well structures based on GaAs-like semiconductors are characterized by the growth axis z component, m z = S z + J z , of the total spin of the electron, S z = ±1/2, and the hole, J z = ±3/2. The exchange interaction between the electron and the hole splits the quadruplet of excitonic states into two doublets, with m z = ±1 (radiative, optically active or "bright" doublet) and m z = ±2 ("dark" doublet) [50] . A transverse magnetic field B ⊥ z mixes "bright" and "dark" excitonic states. Exciton spin dynamics is mainly governed by an interplay of the Zeeman effect of the external magnetic field and the exchange interaction between the electron and the hole [79] . The role of such a competition in excitonic spin fluctuations has been theoretically investigated in Ref. [74] .
It follows from Ref. [74] that if the exchange splitting between the optically active and inactive doublets δ 0 is sufficiently large as compared with the decay rates of excitons and spins expressed in energy units, then in the exciton spin noise spectra at small and moderate magnetic fields, B |δ 0 /(gµ B )| (recall that g is the electron g-factor, hole Zeeman effect in the transverse field is negligibly small [75] ), there is one peak centered at the zero frequency and corresponding to correlated fluctuations of the electron and hole spins. An increase in the magnetic field results in the broadening and suppression of the peak. In large magnetic fields, B |δ 0 /(gµ B )|, the peak at the combination frequency
appears in the spin noise spectrum [74] , which corresponds to the electron spin precession in the effective field being the sum of the external and exchange ones. The peak widths in the spin noise spectra are controlled by the lifetimes of bright and dark excitonic states, rates of the charge carriers spin relaxation and the exciton generation rate.
In the opposite limit where the exchange interaction is small compared with the exciton levels broadening, it plays almost no role in spin fluctuations. The calculations of Ref. [74] show that the exciton spin noise spectrum in such a case comprises two peaks corresponding to independent fluctuations of the electron and hole spins. The sensitivity of the spin fluctuation spectra of excitons to the occupation numbers of bright and dark states opens up a possibility to study the dark exciton spin dynamics by means of the spin noise spectroscopy.
C. Spin fluctuations of exciton-polaritons
Excitons -the electron-hole pairs -possess integer spin and can demonstrate effects inherent to bosons [80] [81] [82] . Theory of excitonic spin fluctuations proposed in Ref. [74] is limited by weak pumping conditions where the occupancy of the exciton state is small as compared with unity. In this case, the effects of quantum statistics of excitons are unimportant. Qualitatively different situation can be realized in quantum microcavities structures in the strong coupling regime. In these systems one can achieve a macroscopic occupancy of exciton-polariton states and these quasiparticles demonstrate prominent bosonic effects [83, 84] . Noises in polaritonic systems have been theoretically studied in Refs. [85, 86] .
Effects of macroscopic occupancy on spin fluctuations of exciton-polaritons have been theoretically analyzed in Ref. [77] . The simplest model was accepted accounting for the formation of exciton-polariton reservoir under non-resonant pumping and polariton relaxation from the reservoir towards the ground state due to their interactions with phonons and exciton-polaritons, Fig. 7(a) . It is sufficient to limit the consideration of exciton-polaritons by bright excitonic spin doublet with m z = ±1, since "dark" excitons do not couple to light and do not form polaritons. Therefore, the treatment of exciton-polariton spin dynamics and fluctuations is quite similar to that developed in Sec. II A for electrons. In fact, excitonpolariton spin density matrix is a 2×2 matrix and can be parametrized by spin-average occupancy of the state, N , and the pseudospin vector, S, whose components characterize the degrees of circular and linear polarizations of polaritons. The conclusion that the accumulation of polaritons in the ground state results in a strong slow-down of spin fluctuations and, correspondingly, to the narrowing of the line in the spin noise spectrum is the main result of Ref. [77] . It is illustrated in Fig. 7(b) , where the calculated spin noise spectra of exciton-polaritons are shown for different mean occupancies of the ground state.
The physical reason of such a slow-down of temporal fluctuations and narrowing of the noise spectrum is related with the Bose-stimulation of the particle scattering processes. One can readily convince oneself of this fact considering the collision integral of polaritons with phonons, which describes the incoming processes to the ground state from the reservoir and the outcoming processes from the ground state to the reservoir. The collision integral describing the rate of the ground state population variation has a form [77] Q n {N } = −N/τ 0 − W out N + W in (1 + N ), 
which is the longer, the larger the ground state occupancy. In fact, the fluctuations are supported by the stimulated income of the polaritons to the ground state from the reservoir. A question about the mean square of the spin fluctuation of polaritons has been also studied in Ref. [77] . The special complexity of this problem is related with the necessity to determine the full distribution function of the system of bosons. In fact, the ground state statistics, P (N ), i.e. the probability to find N particles in this state, depends strongly on the pumping mechanisms of the system and polariton-polariton interactions [84] . Therefore, the mean square of the particle number or spin fluctuation for bosons cannot be expressed via the occupancy of the state only [cf. Eq. (8)], it is determined by one more parameter of the system: the second-order coherence g (2) [77]:
Note that the expression for the mean square of the spin fluctuation [second equality in Eq. (27) ] holds in absence of the spin polarization and interactions of polaritons. It was shown in Ref. [77] that due to interparticle interactions the spin noise spectrum can be also quite sensitive to the particle statistics. Note, that interaction between the particles results also in non-trivial features in spacetime correlations of exciton-polaritons and can provide propagation of spin waves in such a system [78] .
IV. CONCLUSION AND PROSPECTS
Spin noise spectroscopy is rapidly developing and progressively taking an important place in the arsenal of experimental methods to study the spin dynamics of the charge carriers and the charge carrier complexes in semiconductors. To date, a number of convincing experimental evidences and detailed theoretical models of spin fluctuations in non-equilibrium conditions are accumulated. Nevertheless, in our opinion, the studies in this area are far from being complete. Particularly, a problem of the source of simultaneous spin correlations of electrons caused by the interparticle interaction requires further investigations. The problem of space-time spin fluctuations in electron and exciton systems seems interesting as well (equilibrium case was considered in Refs. [78, 87] ). The problems of spin fluctuations of single electrons and excitons in structures with strong lightmatter coupling: quantum dot microcavities operating in the strong coupling regime are, beyond doubt, of current importance. Certainly, experimental studies of such kind in presence of strong static or alternating electromagnetic fields would make it possible to confirm developed models of non-equilibrium electron spin noise and would put new questions requiring theoretical analysis.
